mathematics went downhill (though with occasional bumps upward, as a roller coaster does not go directly from top to bottom), until towards its end five hundred years later, all that was being written were commentaries on the works of the giants of the past. Opportunities to take the work of Archimedes further did not arise. Also, mathematicians were not as thick on the ground then as they are now, or as they were in the seventeenth century when calculus was developed. The number of people skilled in mathematics at any one time in the Greek world was very, very small. You might need more than your fingers and toes to number them all, but you and a few friends would have more than enough digits for the job. Thus, it was easy for ideas to get lost, and that is what happened to Archimedes' method of finding areas and volumes. He had no successors, and the possibility of calculus in the ancient world died with him.
Archimedes' Life
In weightiness of matter and elegance of style, no classical mathematical treatise surpasses the works of Archimedes. This was recognized already in antiquity; thus Plutarch says of Archimedes' works;
It is not possible to find in all geometry more difficult and intricate questions, or more simple and lucid explanations. Some ascribe this to his genius; while others think that incredible effort and toil produced these, to all appearances, easy and unlaboured results.
Plutarch, who lived in the second half of the first century A. D., writes this in his Lives of the Noble Grecians and Romans, more specifically his life of Marcellus. Marcellus was the general in charge of the Roman arn1y that besieged, and ultimately took, the Greek colony of Syracuse on Sicily during the second Punic War (218-201 B. C.) . Archimedes' ingenious war-machines played an important role in the defense of Syracuse, and for this reason Plutarch writes about him at some length.
Archimedes introduces each of his books with a dedicatory preface where be often gives some background for the problem he is about to treat. These prefaces contain precious information for the historian . of mathematics, and they even throw some light on Archimedes' life. There are, furthermore, scattered references to him in the classical literature and so be becomes the Greek mathematician about whom we have the most biographical information, even though it is precious little.
Archimedes was killed in 212 B. C. during the sack of Syracuse that ended the Roman siege. Since he is said to have reached the age of 75 years, he was born about 287 B. C. In the preface to his book The Sandreckoner, be speaks of his father Pbeidias, the astronomer, who is otherwise unknown. It is said that Archimedes studied in Alexandria, then the centre of learning, and it is certain that he had friends among the Alexandrian mathematicians, as we Jearn from his prefaces; but be spent most of his life in Syracuse where be was a friend and, as some even say, a relation of the reigning bouse. He spent his life pursuing interests which extended from pure mathematics and astronomy to mechanics and engineering. Indeed, it was his more practical achievements that caught the public fancy. If we may trust the stories about him, he was not above adding a dramatic touch to his demonstrations ; thus Plutarch tells, in Dryden's stately translation:
Archimedes, however, in writing to King Hiero, whose friend and near relation he was, had stated that given the force, any given weight might be moved, and even boasted, we are told, relying on the strength of demonstration, that if there were another earth, by going into it could remove this. Hiero being struck with amazement at this, and entreating him to make good this problem by actual experiment, and show some great weight moved by a small engine, he fixed accordingly upon a ship of burden out of the king's arsenal, which could not be drawn out of the dock without great labour and many men; and, loading her with many passengers and a full freight, sitting hilnself the while far off, with no great endeavour, by only holding the head of the pulley in his hand and drawing the cords by degrees, he drew the ship in a straight line, as smoothly and evenly as if she had been in the sea.
The compound pulley described here was one of Archimedes' inventions. In this passage of Plutarch we also find one version of the famous saying attributed to Archimedes by Pappus: "Give m·e a place to stand, and I shall move the earth." As we shall see, this invention falls in well with his theoretical studies on mechanics.
Plutarch continues his story of Archimedes' demonstration by telling how Hiero, much impressed, asked him to make war-engines designed both for offense and defense. These were made and found good use under Hiero's successor and grandson Hieronymus in the defense against the Romans under Marcellus. Plutarch has a most dramatic description of the effectiveness of these machines, both for short and long ranges, and for land as well as for sea. At last the Romans became so terrified that "if they but see a little rope or a piece of wood from the wall, instantly crying out, that there it was again, Archimedes was about to let fly some engine at them, they turned their backs and fled." Marcellus laid a long siege to the city, and it was finally taken. Marcellus tried to restrain his soldiers as much as he could from pillaging and looting, and was grieved to see how little he was heeded.
But nothing afflicted Marcellus so much as the death of Archimedes, who was then, as fate would have it, intent upon working out some problem by a diagram, and having fixed his mind alike and his eyes upon the subject of his speculation, he never noticed the incursion of the Romans, nor that the city was taken. In this transport of study and contemplation, a soldier, unexpectedly coming up to him, commanded him to follow to Marcellus; which he declining to do before he had worked out his problem to a demonstration, the soldier, enraged, drew his sword and ran him through. Others write that a Roman soldier, running upon him with a drawn sword, offered to kill him; and that Archimedes, looking back, earnestly besought him to hold his hand a little while, that he might not leave what he was then at work upon inconclusive and imperfect; but the solider, nothing moved by his entreaty, instantly killed him. Others again relate that, as Archimedes was carrying to Marcellus mathematical instruments, dials, spheres, and angles, by which the magnitude of the sun might be measured to the sight, some soldiers seeing him, and thinking that be carried gold in a vessel, slew him. Certain it is that his death was very afflicting to Marcellus; and that Marcellus ever after regarded him that killed him as a murderer; and that he sought for his kindred and honoured them with signal favours.
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Plutarch here gives three versions of Archimedes' death, and the farther away from the event we get, the more dramatic the story becomes. In Tzetes and Zonaras we find the variant that Archimedes, drawing in the sand, said to a Roman soldier who came too close: "stand away, fellow, from my diagram" which so infuriated the soldier (who, soldier fashion, wouldn't take nothing from nobody) that he killed him. This is the origin of the modem version: "Do not disturb my circles." This is one of the few episodes of high drama in the history of mathematics. Much later we find Galois frantically trying to write down his truly inspired ideas the night before the duel which, as he had feared, proved fatal to him. He was 21 years old. A few mathematical geniuses, for example, the Norwegian Niels Henrik Abel, died of consumption, young and poor. And Condorcet, for one, met a violent end after the French revolution. But in general mathematicians have been a pretty dull lot, compared to poets.
Archimedes became, I think, a popular image of the learned man much as Einstein did in our day, and many stories of absent-mindedness were affixed to his name. Thus we read in Plutarch that he would become so transported by his speculations that he would "neglect his person to that degree that when he was carried by absolute violence to bathe or have his body anointed, he used to trace geometrical figures in the ashes of the fire, and diagrams in the oil on his body, being in a state of entire preoccupation, and, in the truest sense, divine possession with his love and delight in science."
We also have the tale of how he , during one of his (perhaps enforced) baths, discovered the law of buoyancy still known by his name; it excited him so that he ran naked through the streets of Syracuse shouting "Huereka, huereka", which is Greek for "I have found it, I have found it". This story is found, in what I think is a slightly garbled version, in Vitruvius. This discovery enabled Archimedes to confirm Hiero's suspicion that a goldsmith, who had had Hiero's crown or golden wreath to repair, had perpetrated a fraud by substituting silver for gold. Archimedes could now, by weights, determine the crown' s density, and he found it smaller than that of pure gold.
These stories of absent-mindedness appeal to our sense of the ridiculous, but it must not be forgotten that a necessary faculty for being a genius of Archimedes' order is a capacity for focusing one's entire attention on the problem at hand for a goodly time to the exclusion of everything else. This is in essence what we know of Archimedes' life, except for his works. Some traits of personality, though, can be gleaned from his prefaces and the tales about him; thus we catch a couple of glimpses of a baroque sense of humor. We sense it in his obvious delight in the dramatic demonstration on the beach.
And in the preface to his treatise On Spirals he tells us that it has been his habit to send some of his theorems to his friends in Alexandria, but without demonstrations, so that they themselves might have the pleasure of discovering the proofs. However, it annoyed Archimedes that some had adopted his theorems, perhaps as their own, without bothering to prove them, so he tells that he included in the last set of theorems two that were false as a warning "how those who claim to discover everything, but produce no proofs of the same, may be confuted as having actually pretended to discover the impossible". and is naturally most difficult to read . Luckily, Heiberg could make out enough of this palimpsest to give us a good edition of most of this remarkable book of Archimedes as well as of other treatises of his hitherto poorly preserved or authenticated, among them The Stomachion, which has to do with a mathematical puzzle. The Method is probably the latest of his preserved works and belongs at the bottom of the above list. Through Heiberg ' s sober account of his discovery there shines his joy and pride in this rare find which came as a well-earned reward to a brilliant and dedicated scholar.
T. L. Heath translated Heiberg's text into English, introducing modem mathematical notation, and this version is now readily available.
In addition to these works that have been preserved we know the titles of several treatises that are lost. Thus we are told of Archimedes ' ingenious machine representing the motions of sun, moon, and celestial bodies, and that he even wrote a book on the construction of such devices called On Sphere-making.
In order to convey some impression of the nature and scope of Archimedes' achievements I shall describe briefly the contents of his books, though it be only briefly and incompletely.
In the books On the Equilibrium of Plane Figures
he first proves the law of the lever from simple axioms, and later puts it to use in finding the centres of gravity of several lamina of different shapes (the notion of centre of gravity is an invention of his). This treatise and his books on floating bodies are the only nonelementary writings from antiquity on physical matters that make immediate sense to a modem reader. Book I of On Floating Bodies contains, as Propositions 5 and 6, Archimedes' law of buoyancy, clearly stated and beautifully justified.
But most of Archimedes' books are devoted to pure mathematics. The problems he takes up and solves are almost all of -the kind which today call for a treatment involving differential and integral calculus. Thus he finds, in On the Sphere and the Cylinder, that the volume of a sphere is two-thirds that of its circumscribed cylinder, while its surface area is equal to the area of four great circles. 
In The Measurement of the Circle he first proves that the area A of a circle of radius r is equal to that of a triangle whose base is equal to the circumference C of the circle and whose height is r, or

2"
From this it follows that the ratio of the area of the circle to the square of the radius is the same as the ratio of its circumference to its diameter. This common ratio is what we call 1t today, and Archimedes proceeds to calculate that
by computing the lengths of an inscribed and a circumscribed regular polygon of 96 sides. His upper estimate of 1t is, of course, the commonly used approximation 22/7. In his . book On Spirals he studies the curve which we appropriately call Archimedes' spiral; see Figure 1 . If a ray from 0 rotates uniformly about 0, like the hand of a clock, then P will trace out a spiral of this sort. Its equation in modem polar coordinates is . r = ae, e > 0.
He finds many surprising properties of this curve, among them the following: Let the curve in Figure 2 from 0 to A be the first tum of an Archimedes' spiral (i. e., corresponding to 0 s 8 s 21t); the area bounded by this curve and the line segment OA is then one-third of the circle of radius OA.
Further, if AB is tangent to the spiral at A, and OB is perpendicular to OA, then OB is equal to the circumference of the circle of radius OA. Though Archimedes does not state it explicitly, this implies that the area of triangle OAB is equal to the area of the circle of radius OA, as we can see using the above theorem from The Measurement of the Circle; thus Archimedes has succeeded in both rectifying and squaring the circle, [Rectifying a curve (in this case a circle) means to determine a straight line segment the same length as the curve; squaring a figure means determining a square of area equal to that of the figure. ]
In The Quadrature of the Parabola he proves the theorem that the area of a segment of a para bola is fourthirds that of its inscribed triangle of greatest area, a theorem of which he is so fond that he gives three different proofs of it. The Sand-reckoner, which he addresses to Gelon, King Hiero's son, is a more popular treatise. In it he displays a number notation of his invention particularly well suited for writing very large numbers. To put this notation to a dramatic test he undertakes to write a number (10 63 ) larger than the number of grains of sand it would take to fill the entire universe, even as large a universe as the one Aristarchos assumed. Aristarchos had proposed a heliocentric planetary system, where the earth travels about a fixed sun once in one year; so in order to explain that the fixed stars apparently keep their mutual distances unchanged during the year, he was forced to maintain that the fixed star sphere was exceedingly much larger than had commonly been assumed. Here Archimedes furnishes one of our few sources of early Greek astronomy, and he even mentions his own endeavors at measuring the apparent diameter d of the sun. (His estimate is 90°/200 < d < 90°/164; indeed, the commonly used rough approximation is d "" (1/2)". The recently discovered Method probably belongs at the end of a chronological list of Archimedes ' works. In it he applies a certain mechanical method as he calls it-it is closely related to our integration-to a variety of problems with impressive results. The method does not carry the conviction of a proof in his eyes, but is more in the nature of plausibility arguments. He rightly emphasizes the usefulness of such arguments in surmising and formulating theorems which it will be worthwhile to try to prove rigorously.
This superficial and incomplete survey of some of Archimedes' works may give some impression of his breadth, originality, and power as a mathematician. A presentation of one of his remarkable chains of proofs in sufficient detail to do it justice lies well beyond the limits I have set myself in this book. I can only hope that a reader whose curiosity about this greatest contribution to ancient mathematics has been aroused will consult the works themselves ....
Volume and Surlace of a Sphere According to The Method
If we rotate Figure 3 about the dotted line, we generate a cone inscribed in a hemisphere which, in tum, is inscribed in a cylinder. The volumes of these three figures have the ratio 1:2:3. This beautiful theorem is a variant of Archimedes' favorite result. He was, in fact, so proud of it that he wanted a sphere with its circumscribed cylinder and their ratio (2:3) engraved on his tombstone. He got his wish, as we know from Cicero, who, when quaestor in Sicily, found Archimedes' tomb in a neglected state and restored it.
To prove this theorem in a rigorous and unexceptionable fashion is one of the chief aims of the first book of On the Sphere and the Cylinder (the other is to demonstrate that the surface of the sphere is four great circles). The reader of the book is forcibly impressed by the elegance of the sequence of theorems Figure 3 leading him through surprising and dramatic turns to the two final goals, but at the same time he cannot help recognizing that this sequence surely does not map the road which Archimedes first followed to discover these results.
When he writes this way, Archimedes is merely following the common practice of the Greek geome-READINGS FOR CALCULUS ters-indeed of most polished mathematical writing-which aims at convincing the reader of the validity of certain results and not at teaching him how to discover new theorems on his own.
This lack of the analytic and heuristic element in codified Greek geometry, i. e., of open display of the way in which theorems were first surmised rather than proved, was deplored in the seventeenth century when mathematicians were striving to create a new mathematical analysis (calculus and its ramifications). The English mathematician Wallis (1616-1703) even went so far as to believe that the Greeks deliberately had hidden their avenues of discovery.
Here we have one of a great many instances where lack of textual material has led modem scientists to false conclusions, for Wallis' sunnise was thoroughly disproved when Heiberg found Archimedes' Method. Its aim is well described in the preface dedicating it to Eratosthenes. Archimedes writes here, in part (in Heath's translation):
... I thought fit to write out for you and explain in detail in the same book the peculiarity of a certain method, by which it will be possible for you to get a start to enable you to investigate some of the problems of mathematics by means of mechanics. The procedure is, I am persuaded, no less useful even for the proof of theorems themselves; for certain things first become clear to me by a mechanical method, although they had to be demonstrated by geometry afterwards because their investigation by the said method did not furnish an actual demonstration. But it is of course easier, when we have previously acquired, by the method, some knowledge of the questions, to supply the proof than it is to find it without any previous knowledge. This is a reason why, in the case of the theorems the proof of which Eudoxus was the first to discover, namely that the cone is the third part of the cylinder, and the pyramid of the prism, having the same base and equal height, we should give no small share of the credit to Democritus who was the first to make the assertion with regard to the said figure though he did not prove it. I am myself in the position of having first made the discovery of the theorem now to be published by the method indicated, and I deem it necessary to expound the method partly because I have already spoken of it and I do not want to be thought to have uttered vain words, but equally because I am persuaded that it will be of no little service to mathematics; for I apprehend that some, either of my contemporaries or of my successors, will, by means of the method when once established, be able to discover other theorems in addition, which have not yet occurred to me. 4. Show that Archimedes was correct when he said "the area of a segment of a parabola is four-thirds that of its inscribed triangle of greatest area." Although Archimedes did not have analytic geometry, we do, so you can use Figure 4 .
5. To do the same for "the area bounded by the first turn of an Archimedes' spiral is then one-third of 17 the circle of radius OA'' you need to know how to find areas of regions in polar coordinates . If you do, do so. + Figure 5 6. The law of the lever is that for equilibrium,
• (see Figure 5 ). Let us apply it to a practical problem. The earth weighs 1.35 x 10 25 pounds, more or less. If it is hung from one end of the lever and Archimedes (weight 150 pounds, say-ancient Greeks tended to be small) hangs from the other end and the fulcrum is put approximately where the moon orbits, 200,000 miles away from earth, then how far away will Archimedes have to be in order to move the earth?
